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16.1
Double Integrals over 
Rectangular Regions
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Table 16.1
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Figure 16.2
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Figure 16.4 (2 of 2)

0 =max lengthof diagonal .
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§ § fix. g)dxdy -. Integrate with respect to ✗ then y
.

Jab )abt ix.9) dydx : Integrate with respect to gtten #
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I?fdC3x44y3dyd✗ =) ? C3Ñy+y4) I } ax

-
wrst ty first

= fit [(3×41)-10.1-03] DX
= fi 13×41)d✗

=L ✗3-1×1 1¥?

= (23+2)-(213-11) = 8
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Rerrse order Tfabim)

✗22
<

(3×2+493) d✗d9
= gj 1×3+45×1 /*, dy

÷FÉst
= go

'

[sftgy 3)-11+45)]dY

= Jj (7+443) dy .

Yal

=(7y+Y")|y=o

= (7+1)-(0+0)=8 .
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/ ¥ydy= ! lulitayltc .

g) d×=f,
'
¥ Inland / I dx .

= £ In 4-1×1 - In 111 DX

= So
'

lnlltxl DX
Jlnudu-_ U Inu-Utc

= Id In Ttx DX

= Atx) In CHX) - 11-1×7 / o
'

= (2 In (2) - 2) - Chnll) - 1) = 21h12) -1=44-1
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¥¥.
2=0 ⇒ 9ixyFFFF=o ⇒ 11=0,1 i b--0.2 .

If axyf-x-F-y-dxdyi.fi/I9xyF-xF-ydxdy
R

= gift cage) ✗at dxdy To"-4¥)
- -

-8
constant FEY

✓ - In = ✗DX 11

= 159954-44 ⇒ t)a- F)÷ tidy
-Edie. yay

= - É . } City)¥
= -355g Frye ( 0%1

"

2) dy
u=u-5



Slide 10Copyright © 2019, 2015, 2011 Pearson Education, Inc.  A L W A Y S  L E A R N I N G

f' ycosxydxdy = 1¥ or /If ycoscxy>dydx .

-• °÷É;ntegral . Integration by parts .
fcoslax)AX= tasincax)-1C . U=y

dv.com/y7dydU--dyv--simxx--
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Jj ycoslxyjdxdy-JE.bysin Cxy) / o
'

dy
.

= fo¥ sin(g) - sinCody
= -cos Cy) / ¥3
=
-cos 1- cos 0

= - É -1 I
= ¥

.
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Average height of tally) =¥ea☒ (Volume under tix
-D)

.
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¥¥÷{÷
"DA = His:(4-✗- yiaxdy.

y
⇒siax-E-xyyi.org
= ¥[ ( 8 -2-2g)dy

¥É¥× =E)? (6-29) ay
= 'q ( Gy- up) / f = ¥ (12-4)=2 .
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16.2
Double Integrals over 

General Regions
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Figure 16.11
iterated Integrals

dydx
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Figure 16.15dxdy
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= Size"ylfd✗
~

= gjlzxe
"
- o)d✗

Integrate with nespetolf

du=2✗d×

= So
'

Cuda

= old

= é - é --e- \
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Sis,?j"5d✗dy .
ytl

= So
'

Y'✗ I +ydy .

✗= Ytl ⇒jqyyi-y-ym-PJdyx-i-y.jo'

ay 3dg
= t.zy.tt/d--'-z-o.--I

.
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Volume =f)fix - g)DA

R
.

g
"

s? siixdxdy

FE
.

ok
.

go.gg?isin-xdYdX
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So
"

)? sin I dxdy = f? (zsiñxdxdy

= go
"

tf? ( it cos 2×7 dxdy.
= Jo
"
fix - I sina.io/?dY .

= So
"

(±y - ¥ sin buddy = fay't § cos cog5) IF
= ⇐ F-+ £ cos 21T) - ( ¥04 Faso)
= ¥!
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=[J;é×fcxy)dy
(0-1) ✗= -lay Hy=E .

-x=lnY ✗= - LvCtl

/ I é✗=y
.

= Luz

•

→
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Area by double integral .

Volume = ffldA
R

totuneClxAre rR)
= Area of R.

-

'

.

Areaof = If 1 DA
R
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• (2/4)

[ gx
"

-1
×
,
1dg

.

DX

✗1×+2 .
•

c-i.2) • /
! xix -2=0

(X-2) call)=o
•

✗= -1 ,

✗=L
.
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Area =L? §?
"

I dydx
2 ✗-12

= f. , Y / ✗a DX

-1%+2 - xidx
2

= 12×42×-51×3 /
- ,

= I 4+4 - § -4-2+51=8 - I -I -I ;É÷
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16.3
Double Integrals in
Polar Coordinates
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Figure 16.28
Cartesian Rectangle lav Rectangle .

12=11×-97 . a ⇐✗c-b. ⇐ y c-d) R -- II. 0-1 : as✓Eb .de ①EP)

✗= roos
-0

y=rs:O

17
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Figure 16.29
g-ix.g) =f(

roost
,
rsino)

OAK -- Area otkth polar

rectangle .

I

fcrr.ES#.rEsinO-E)oAkK--lfft.Cx-y)dA
12 n

= limitcritics#¥5m0¥10An
•→o

K=l
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Figure 16.30
Iterated integrals in polar

coordinates
.

no

rn*o¥
rdrdQ .
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Krass-0

y=rsi0
Q : f) ✗dA=[is xdydx
Why are we doing this ? R

¥⑦
{cx.is?:-FxEya-F-x.-1-xeiJ- Rectangular
II. 0) : ☐ ± rel

,
0=0 £21T ) ←Polar =#fircñvdvdo

easier
e.g. Integrate If ZXYDA

R 12=16.0-7:

K-k-3.co#EE))f2CrcosO-1Cvsiw0-7rdrdOR--SES3zr3scosO-sinOdrd0-=2o

O l
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f?zr%W- sw-drdo-JEIRI.io so I
do

= 5¥113)
"and sit - Ici )

"
of giantdo

=fo¥ E-ooo sht - I colt sit do

:S % wont do
a-she o=É⇒u⇒
du-- calfdb- 0=0⇒u-0

= f) 40 Udu = 20 uh /I = 2045-20C-5=③
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2-= 4
-5- y? 4-Too

50 -v32I =4-I

fffcx.su/t=fYfjC4-rYrdrdOP--fYfj4r-rsdrd0--fF2r2-Ipr4II do
21T

= fj
"

8 - 4 do = 40-10 = 8-4
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Region R .

Boudet on left by -4=0

Bonded on right by

☐ ✗ =Fy .

X~= 16 - y
'
.

✗ 4y~= 16
✗ >0.

r
? 16

ri 4

£ f ? Clb-F) rdrdo
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=L [Clb - irdrdo =/¥, £+1bn
- rsdrdo .

= f.IE Csi - Er
" ) / I'd0=5 Is- F- ¥-4

"

)-o)do

=f¥
,

Gado : 640 (¥
,

= 641¥ - (E)1=64'T
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Region
R : 2×45=27 - ✗

'

- zy
-

.

3×4392=27 .

3City
" ) = 27

✗45--9
.

R is a disk of radius 3
.

Centered at co -
07

Volume = If ¢7 -E- 25)- (2×45)]dA
k

= (f 27 - 35-3 Y
'

DA riff 22 - 3445)DA
R

ZTT

F

=/ o
"

#7-3RD rdrdo.jo#ffw.zidrdo-=J.Ei-&if?d0-=liEi-Eid0--ff" 324%4-40=24-4 (za-o) -743¥
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Regard : { e- vetcoso

Bordelon ⑤ : I = Itis
-0

- I :c-so -3¥ -05¥

2¥ taro

ffflr.o)dA=J ftcnordrdo÷¥÷÷ • - ¥ :

71--5=531 -¥ :









Homework Hints
: this cone is

g-ix.g) = 25
-É thesurface of

fcx.gs.

How do we find region R
:
← this is the regionR.

this is in the ✗y
-plane → 7=0.

so let 25T¥ = o →
25 -_JÉy → 251×7-5

-

this means Ris a circle of radius 25 .

tix.yt-e-I.FI#
Usethe same technique set e- - e-3=0

e-☒É¥=é> ⇒ -

' =-3 ⇒ +5=3-48 ⇒ 5+5=144

⇒ Eeg! 12
' ⇒ Ris circle of radios 12 .

boudWbyZ6-t×5yÉZ
since Ris on the plane 2=6 .

set 26-55-85=6 and figure out

uhe the region is .

:)



Slide 1Copyright © 2019, 2015, 2011 Pearson Education, Inc.  A L W A Y S  L E A R N I N G

16.4
Triple Integrals
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Figure 16.38
dzdxdy
dzdydx

dxdydzdxdzdydydxdzdydzd.it
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c%a€É\
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Table 16.2

- -



e.g.) find the volume of solid bound by 2×+4+27=2 .

and x-y.pia.ie
.

in the order dzdxddy .
I' ✗It plane

surface top . ☒ - y plans

using variable ✗ - Y .÷÷→,¥÷¥""
""* describe . # sara.

y
.
top 27=2-2×-9 .

z=l-✗_ty#
bother 7 .

✗ six
-⇒

dZ.dxdywx.is?gJ-⇒
DX dy2×+4=2 .

¥É¥¥
'

00

gig;⇒ gi
- × -

'⇒
dtdxdh

.



* To get the volume using double integral,

I ,{ top surface - bottom
surface dxdy

= !]
Y"

( 1- ✗- Ey)
-odxdy

= II 1'

2=2-22×-1
✓

=\- ✗- IT
.*¥¥÷¥÷÷
"



ex) . Set up the integral
which computes

the volume ofthe wedge of
the cylinder

z=fi×ip¥¥?¥ created by planes -2=3-✗ and z=×→ ,

☐
← cylinder sliced olt

,
1-4×45--1 .

by 2-=3
-X

.

'+5=1

|
,

cylinder . 5+45--4
"

*☐
← µ.ae#zyz..*z. ) t.it#,.dxd9
,← shadow created by the V= fffididxdy

cylinder obtainedby letting ,

✗444--4=0 ✗44424. =L
, !gÉ¥jdZd×dy



1 FE
g.
, .⇐,y, (3--1)-1×-3)d✗dY -

#qy .

= fi SEE 6-zxdxdy
ME.

= f)
É

dy 3=1210 + 5.sina.LI?I?6x-xY-aF=iz(Iz+E.)tbsinTT-sin-TD
I

=L,kEai -44-4*-14 dy =

"" ¥

= ji,24¥
' dy y=sinQ . b) ⇒⇒ f- ¥ .

dy -- cost do .

¥÷¥FÉas0d0 .

Cos
> -0=1-1 Cosset .

-241T¥ cos -0 ↳D- do . -2

=¥ Has 20 do =pfjHcos2OdO
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=ffSiyze× / o
'

dzdy

= fff ?yzCe- 1) dzdy

=gjy±ce-1) tidy
= f) y( 2- E) (e- 1) dy

=3 let)ffYdy=Ece-1)¥1?
= 3K -1) *
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☐ =%iYzedtdy
=.fi?yzce-i)d@dy=f-1yce-DzYiidy:3-zce-dfiyoey=Ee-DIyYi--&ce-D.
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2- =o⇒ 2-411=0

yyz=2-4✗ z=4✗

I __X

Vol =L [
"

ldzdydx

2-4✗

= SEF? Z / o dydx
✗
g- 8

=)? f? ( z -4×3 dydx

= /ok 12-4×79/9 DX = £42-4×7 fdx =/¥116-3¥
= 16×-16×2152=16 - I - 16-1-4 = 8-4--4

.
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t.is?ExzYF-dYdX=fjfoF*xli-x'-yYdydX=fjF--(x-x3-✗5)dy ax

= fi ( ✗ y -✗
'
y
-

×?_?) / OFFax

=)! if - ✗
'FF- ¥ REF 3) DX

= So
'

[ ex-✗3)Ex - ¥ ( 1-F)FE
) DX

= So
'

[( x-✗3) - 's (x
- xD] Fid✗

= So
'

} ex- ✗IFFdx = So
'

E. ✗a-×7Fxdx
= §fix a-✗5¥

U= 1-✗
'

du = -2 ✗DX - Edu=✗DX = §fju
"
Try = § § us

"

/ f- ¥
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4×42-2=4 5--4-415 z=¥×÷

F-Eflx.y.it)dZ z=o. 4×7-0=4So
y ✗2--1

✗=-21

✗
⇒F- I

§§fÉ*tixyNdZdYd✗


